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A graph is called f-ply Hamiltonian if it admits 1 edge-disjoint Hamiltonian 
circuits. The following results are obtained: (1) When n > 3 and 0 < 21 Q n 
there exists an n-connected n-regular graph that is exactly Z-ply Hamihonian. 
(2) There exist S-connected Sregular planar graphs that are not doubly (i.e. 
2-ply) Hamiltonian, one with only 132 vertices and another with only three 
types of face, namely 3-, 4- and 12-gons. (3) There exist 3-connected Sregular 
planar graphs, one that is non-Hamiltonian and has only 76 vertices and another 
that has no Hamiltonian paths and has only 128 vertices. (4) There exist Sedge- 
connected j-regular planar graphs, one that is non-Hamiltonian and has only 176 
vertices and another that has no Hamiltonian paths and has only 512 vertices. 
Result (I) was known in the special cases I = [n/2] (an old result) and 1 = 0 
(due to G. H. J. Meredith, 1973). The special case 1 = 1 provides a negative 
answer to question 4 in a recent paper by Joseph Zaks and implies Corollary 
1 to Zaks’ Theorem I. Results (2) and (3) involve graphs with considerably 
fewer vertices (and, in one case, fewer types of face) than Zaks’ corresponding 
graphs and provide partial answers to his questions 1 and 3. Result (4) involves 
graphs that satisfy a stronger condition than those of Zaks but still have fewer 
vertices. 
1. INTRODUCTION AND MAIN RESULTS 
In this paper, a graph has neither loops nor multiple edges and is a special 
case of a multigraph, which also has no loops but may have multiple edges. 
The number of vertices in a graph or multigraph G is denoted by 1 G I. 
A graph or multigraph is n-regular or regular with valency n, if exactly n 
edges are incident at each vertex. It is called Z-ply Hamiltonian (as in 171) if it 
admits I pairwise edge-disjoint Hamiltonian circuits ,r-connetted if it cannot 
be disconnected ,by removing fewer than r vertices (together with the edges 
incident at those vertices) and s-edge-connected if it cannot ‘be disconnected 
by removing fewer than s edges. The term exactly implies that the corre- 
sponding parameter I, r or s is maximal and connectivity, edge connectivity 
262 
0095-8956/80/030262-16$02.00/O 
Copyright 0 1980 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
REGULAR GRAPHS AND HAMILTONIAN CIRCUITS 263 
refer to maximal values of r, s respectively. If II, r and s are as above and s is 
maximal, then r < s < n. 
G. H. J. Meredith [6] has shown that when n >, 4 there exists an n- 
connected n-regular graph that is not Hamiltonian. Joseph Zaks, in a recent 
paper [lo] which led to the present paper being written, showed that for 
n > 5 there exists an n-connected n-regular Hamiltonian graph that is not 
[n/2]-ply Hamiltonian and asked whether, for n > 6, every n-connected 
n-regular Hamiltonian graph is doubly Hamiltonian [ 10, p. 116, Cor. 1 and 
p. 130, question 41. Section 2 of the present paper is devoted to a proof of the 
following theorem. 
THEOREM 1. When n >, 3 and 0 < 21 < n there exists an n-connected 
n-regular graph G1 that is exactly l-ply Hamiltonian. 
This theorem implies Zaks’ Corollary 1 and the special case 1 = 1 answers 
his question 4 negatively. Meredith’s result, mentioned above, is included as 
the special case 1 = 0. The special case 1 = [n/2], equivalent to the two cases 
21= n and 21= n - 1, is an old result but is included for the sake of 
completeness. A proof for this case may be found in textbooks, for example 
[ 1, p. 2321, and it involves the complete graph K,,, on n + 1 vertices. 
In the remainder of the paper we restrict our attention to planar regular 
graphs. Euler’s formula relates the numbers of edges, vertices and faces of 
any planar graph and can easily be shown to imply a valency of at most 5 
if the graph is regular. Moreover, the question of the existence of Hamiltonian 
circuits is partially answered for planar graphs by Tutte’s well-known result 
that every 4-connected planar graph is Hamiltonian [8]. Following the proof 
in [4] and [5] that a 4-connected 4-regular planar graph is not necessarily 
doubly (that is, 2-ply) Hamiltonian, Zaks [lo] constructed several 5- 
connected 5-regular planar graphs that are not doubly Hamiltonian. His 
smallest example has 176 vertices and he asked whether there is one with 
fewer vertices, what the least number of vertices is and also whether every 
such graph necessarily has at least four types of face [lo, p. 130, questions 1 
and 31. In section 3 we provide partial answers to these questions by proving 
the following theorem. 
THEOREM 2. There exist 5-connected 5-regular planar graphs Gz and G3 
such that 
(I) Gz is not doubly.Hamiltonian and has 132 vertices, 
(2) G3 is not doubly Hamiltonian and has only three types of face, 
namely 3-, 4- and 12: gons. 
We do not know whether these results are best possible. 
Various 3-connected planar non-Hamiltonian graphs are known. The 
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standard example due to Lederberg, Bos6k and Barnette is 3-regular and has 
only 38 vertices (see, for example, [3, p. 3611). Zaks [lo] has given 4-regular 
and 5-regular examples, with fewer vertices than the earlier examples of 
Walther [9], as well as corresponding graphs with no Hamiltonian paths. In 
Section 4, where attention is confined to 3-connected 5-regular planar graphs, 
the following theorem is proved. 
THEOREM 3. There exist 3-connected Sregular planar graphs G, and G, 
such that 
. 
(I) G, is non-Hamiltonian and has 76 vertices, 
(2) G, has no Hamiltonian paths and has 128 vertices. 
The graphs G4 , G, have far fewer vertices than the corresponding graphs R, 
and R, of Zaks, which have 532 and 1232 vertices respectively. (These 
numbers are not as stated in [lo], but Zaks [private correspondence] has 
pointed out an error in his paper. The proof of Lemma 3 requires more 
elaborate right-hand parts to Figs. 14 and 15, with 11 and 28 vertices 
respectively. Consequently, in Theorem 4, the numbers of vertices of the 
graphs Ri should be 209, 484, 532 and 1232 and not as printed.) Moreover, 
although their final graphs were different, both Zaks and Walther started 
with standard 3-regular graphs and modified them, whereas our graphs are 
built up in an entirely different way. 
Edge connectivity is a property of the same general nature as connectivity. 
A 3-connected 5-regular graph can have edge connectivity 3, 4, or 5 and it is 
easy to show that every 5-edge-connected 5-regular graph is 3-connected. 
The graphs G4 and G, , as well as Zaks’ graphs R3 and R4 , are only 4-edge- 
connected, so it was natural to look for corresponding 5-edge-connected 
examples. The following theorem is proved with the aid of constructions 
similar to those used for Theorem 3. 
THEOREM 4. There exist 5-edge-connected 5-regular planar graphs Gs 
and G, such that 
(1) Gg is non-Hamiltonian and has 176 vertices, 
(2) G, has no Hamiltonian paths and has 5 12 vertices. 
Another, related, property of graphs is cyclic connectivity. A graph is 
called cyclically-t-connected if it cannot be disconnected into components, 
each of which contains a cycle, by removing fewer than t edges. If t is maximal 
then it is called the cyclic connectivity of the graph. The cyclic connectivity t 
is always at least equal to the edge connectivity s. The 3-connected 5-regular 
non-Hamiltonian graph of Walther [9] has s = 5 and t = 6. Our corre- 
sponding graph G6 has t = 5 only and no higher value can be obtained by 
REGULAR GRAPHS AND HAMILTONIAN CIRCUITS 265 
the methods of this paper since t < 5 for any graph that contains two 
subgraphs of the type (Y defined below. 
Given any graph (or multigraph), by a subgraph (or submultigraph) we 
shall mean a subset of the vertex set together with all edges that have both 
ends in that subset. A vertex of any subgraph will be called exterior if at 
least one .of the edges that join the subgraph to the rest of the graph is 
incident at it, otherwise interior. Thus any subgraph of a planar graph can 
be drawn so that all its exterior vertices lie on the outer boundary. These 
terms will mainly be applied to subgraphs of, and subgraphs suitable in the 
construction of, regular graphs of some given valency n. In this case, every 
interior vertex of a subgraph has valency n and every exterior vertex has a 
smaller valency k. The difference n - k will be called the deficit of the vertex 
and the sum of deficits of all the exterior vertices of a subgraph will be called 
the deficit of the subgraph. Where the value of n is not clear from the context, 
or to emphasize it, the term n-subgraph will be used. 
We can construct an n-regular graph by taking a collection of n-subgraphs 
and joining them by appropriate numbers of extra edges. Another method 
that will be used is to replace an individual vertex of an n-regular graph by 
an n-subgraph with deficit n and so obtain a new n-regular graph. 
0 
FIG. 1. Subgraph of type LY. 
An important type of subgraph is shown in Fig. 1. This planar 5-subgraph 
with deficit 5 was used by Zaks and will be used in Sections 3 and 4 of the 
present paper. We denote it by 01 and, in diagrams of graphs, represent it 
by a circle with the label 01 as shown. Other small Greek letters will be used 
to denote the other particular types of planar subgraph that will be used in 
our constructions. 
582b/28/3-2 
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2. REGULAR EXACTLY Z-ply HAMILTONIAN GRAPHS 
This section consists of the proof of Theorem 1. The cases 21 = n, n - 1 
will be omitted since they require separate treatment and are not new. 
Our general construction and proof are applicable whenever 22 < n - 3 
and in the one remaining case 22 = n - 2, although a different construction 
has to be used, the proof follows the same pattern. The general case is 
considered first and here the required graph G1 is obtained by a generalisation 
of the method used by Meredith [6]. Results from [6] will be quoted where 
convenient. 
Al *2 
FIG. 2. The graph PI . 
Let P1 denote the graph shown in Fig. 2. It is obtained from the Petersen 
graph by inserting one extra edge B,B, . Since the Petersen graph is non- 
Hamiltonian, every Hamiltonian circuit of PI must contain the edge B,B, . 
The Hamiltonian circuit 
BBBBAAAAABB 12533215441 
will be denoted by C, . 
Let s = n - 21 and s = 3m + Y, where Y = - 1, 0 or 1. In the present 
(general) case, s >, 3 and so m > 1 and the case m = 1, Y = - 1 is excluded. 
Now let HI be the multigraph that is obtained by assigning multiplicities m 
to the ten edges AiAi+l , BiBi+ (all suffixes being taken modulo 5), m + r 
to the five edges AiBi and 0 to BIB2 . Thus HI is, apart from different nota- 
tion, Meredith’s multigraph H, and is regular with valency 2m + (m + r) = s. 
Now we increase the multiplicities of all edges contained in C1 by 1 and so 
obtain a multigraph H2 that is regular with valency s + 21 = n. Since 2 
copies of C, are contained in H2 , the latter multigraph is I-ply Hamiltonian. 
It is not (I + I)-ply Hamiltonian because each Hamiltonian circuit includes 
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an edge BJ, and there are only I such edges. Hence Hz is exactly Z-ply 
Hamiltonian. 
LEMMA 1. Hz is n-edge-connected. 
Proof. Meredith shows [6, Theorem 41 that HI is s-edge-connected. Each 
circuit C1 that is added to HI in converting it into Hz introduces two extra 
paths between any two given vertices so there are s + 21 = n edge-disjoint 
paths between the two vertices in Hz . This implies the lemma. 
We offer an alternative proof. Suppose that we disconnect HI into two 
s-submultigraphs by the removal of d edges. Each of the submultigraphs has 
deficit d and one of them, say K, either has less than five vertices or, if it has 
five vertices, includes more Ai than Bi . It will be shown that d >, s for any 
such K. Three cases must be considered. 
Case (1). 1 K 1 = 1. In this case d = s. 
Case (2). 1 K 1 > 1 and K contains no cycle of more than two vertices. 
In this case K has at most (I K I - 1)k edges, where k = max{m, m + r>, and so 
d 2 1 K 1 s - 2(1 K I - 1)k = s + (I K I - l)(s - 2k). 
Now 
s - 2k = min{s - 2m, s - 2(m + r)} = min(m + r, m - r> > 0 
so it follows that d > s. 
Case (3). I K I = 5 and K contains a cycle. In this case K is just a cycle 
and can be A,A,A,&4,A,, with d = 5(m + r) = s + 2(m + 2r) > s or of 
type &&W&B1 9 with d = 4m + (m + r) = s + 2m > s. 
This completes the proof for HI . Each circuit C1 that is added to HI to 
convert it into Hz increases the deficit of K by at least two since C1 must 
visit K at least once. Hence, in Hz , K has deficit at least d + 21 >, s + 2Z= n. 
The lemma is now proved. 
Now define the required graph G, for the case 2Z < n - 3 to be the graph 
obtained when each vertex of Hz is replaced by an n-subgraph of type 
Kn,n-l, that is, a copy of the complete bipartite graph on n and n - 1 
vertices, with the set of n vertices treated as exterior vertices with deficit one. 
Evidently G1 is a graph, and not just a multigraph, and is n-regular like Hz . 
It remains to show that G1 has the other properties specified in Theorem 1. 
LEMMA 2. G1 is n-connected. 
Proof. This follow from the fact that Hz is n-edge-connected. For a 
detailed proof see [6, Theorem 31. 
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bMMA 3. Kn,72 is [n/2]-ply Hamiltonian. 
Proof. Denote the two sets of n vertices in Km,n by {Ri) and {&}, i = 
1, 2,..., n. Then, if all suffixes are taken modulo n, 
is a Hamiltonian circuit of K,,, . By taking r = 1, 2,..., [n/2] we obtain [n/2] 
Hamiltonian circuits and they are pairwise edge-disjoint. The removal of S, 
and all edges incident at S, converts these circuits of I& into paths through 
Kn,n-1 and proves the following corollary. 
COROLLARY. There are [n/2] pairwise edge-disjoint Hamiltonian paths 
through the n-subgraph Kn,n-l such that all their ends are at drerent exterior 
vertices. 
LEMMA 4. G1 is l-ply Hamiltonian. 
Proof. Since 1 < [n/2] there are more than enough edge-disjoint 
Hamiltonian paths through each K,,,-l contained in G, to insert into 1 
edge-disjoint Hamiltonian circuits of type CI in Hz and so produce 1 edge- 
disjoint Hamiltonian circuits of G, . 
The next lemma is a version of a standard result. Its corollary will be used 
in this section and the lemma itself in Section 4. Note that the graph con- 
cerned need not be regular. 
LEMMA 5. Suppose that a graph G becomes disconnected into p subgraphs 
when a certain subset V of its vertices is removed. Then 
(I) ifp > 1 V 1 + 1, then G has no Hamiltonian paths, 
(2) ifp > 1 V 1, then G is non-Hamiltonian, 
(3) if p = 1 V 1 and G is Hamiltonian then every Hamiltonian circuit 
of G visits each subgraph only once. 
ProoJ: When the vertices of V are removed from a Hamiltonian path 
(or circuit), at most, it splits into 1 V 1 + 1 (or 1 V 1, respectively) paths and 
each path lies entirely in one of the p subgraphs. All three parts of the 
lemma follow. 
COROLLARY. Suppose that a Hamiltonian graph G has a subgraph K such 
that the removal of a subset V of its vertices, including all its exterior vertices, 
disconnects K into ) V 1 - 1 subgraphs. Then every Hamiltonian circuit of G 
visits K only once. 
Proof. By Lemma 5, every Hamiltonian circuit visits G - K only once 
and it therefore visits K only once also. 
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LEMMA 6. G1 is not (1 + l)-ply Hamiltonian. 
Proof. Let V be the set of exterior vertices of one of the subgraphs of 
We Kn,n-1 in G1 and apply the corollary to Lemma 5. Hence every Hamil- 
tonian circuit of G1 visits Kn,n-1 once only. Let all the subgraphs of type 
K n,n-l be shrunk to single vertices. Then a Hamiltonian circuit of G1 becomes 
a Hamiltonian circuit of the multigraph Hz . Moreover, edge-disjointness is 
is preserved, so if G1 were (I + 1)-ply Hamiltonian then Hz would be so also. 
As Hz is not (I + 1)-ply Hamiltonian, Lemma 6 follows. 
By Lemmas 4 and 6, G, is exactly I-ply Hamiltonian and this completes 
the proof of Theorem 1 in the general case 21 < n - 3. 
FIG. 3. The graph P2 . 
Now consider the remaining case 21 = n - 2. Our starting point here is 
the graph P, shown in Fig. 3. (Compare Griinbaum and Malkevitch 
[4, Fig. 31). Every Hamiltonian circuit of P, contains exactly two of the 
edges AiAi+z (indices are taken modulo 3) since each visit to a vertex Ai 
requires the use of AiAi-, or AiAi+I or both, while if all three edges AiAi+$ 
were in the circuit none of the vertices Bi would be. The Hamiltonian circuit 
will be denoted by Cz . 
Let H3 be obtained from Pz by first assigning multiplicities 2 to A,B, , 
1 to A2B, , B,B, , B3A3 , A,A, and 0 to the other four edges and then adding 2 
to the multiplicity of each edge contained in C, . Then H3 is (21 + 2)-regular 
and Z-ply Hamiltonian by construction. It is not (I + I)-ply Hamiltonian 
since this would involve the use of 2(1+ 1) edges of type AiAi+l and there are 
only 21+ 1 such edges in H3 . Moreover, it is easy to check that H3 is (2Z+ 2)- 
edge-connected by considering the case 1 = 1 first and then adding 1 - 1 
copies of Cz . The proof closely resembles that of Lemma 1, so the details 
are omitted. 
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Now define G1 for the case 21 = n - 2 to be the graph obtained by 
replacing each vertex of H3 by a copy of Kn,n-l . Evidently G1 is an n-regular 
graph and the proof that it has the other properties specified’in Theorem 1 
is as in the general case. 
3. Two 5-CONNECTED 5-REGULAR PLANAR GRAPHS THAT ARE NOT 
DOUBLY HAMILTONIAN 
The main tool for the proof of Theorem 2 is the following simple lemma 
(compare [lo, p. 117, Lemma 11). 
LEMMA 7. Let G be a graph with a subgraph H such that Hand G - H are 
joined by exactly jive edges. If G has a pair of edge-disjoint Hamiltonian 
circuits, then each of them visits H only once. 
Proof. Observe that the subgraph H must be visited at least once on 
each of the Hamiltonian circuits and each visit uses up two of the five edges 
that join H to G - H. The lemma follows at once. 
Let p denote the planar 5-subgraph with deficit 5 that is obtained by 
joining five subgraphs of type (Y. together as shown in Fig. 4. 
FIG. 4. Subgraph of type /I. 
LEMMA 8. Let G be a graph with a subgraph of type /3. If G has a pair of 
edge-disjoint Hamiltonian circuits, then each of them starts and finishes its 
visit to the subgraph /I at adjoining exterior vertices. 
Proof. Lemma 7 Implies that each of the Hamiltonian circuits visits /3 
exactly once and also visits each of the five subgraphs of type 01 within /3 
exactly once. Thus these five subgraphs must be visited in cyclic order and 
the first and last to be visited are adjoining. This proves the lemma. 
Now define the required graph Gz by joining two subgraphs of type (Y and 
two of type /3 by ten edges, as shown in Fig. 5. The four subgraphs and certain 
edges are labelled for reference purposes. The graph G, is 5-regular and is 
easily seen to be 5-connected. We now suppose that Gz has a pair of edge- 
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FIG. 5. The graph G, . 
disjoint Hamiltonian circuits C, C’ and obtain a contradiction. At least one 
of the circuits, say C, does not use edge 1 so, since it must visit each of the 
four subgraphs exactly once, its visit to p2 must occur between visits to 01~ 
and 16, . By Lemma 8, p2 must be entered and left through adjoining exterior 
vertices, so edges 2 and 3 must be used in C. Beyond ,& , C has to visit al 
next, but this is impossible since it must leave & along an edge adjoining 
edge 3 and neither such edge leads to al . This contradiction allows us to 
infer that G2 is not doubly Hamiltonian, as was to be proved. 
Since/&I = 11,1/I/ = 5lal =55andsoIG,I =2/a1+21/31=132 
as stated in Theorem 2(l), which has now been proved. As the result may not 
be the best possible, the following problem remains. 
PROBLEM 1. Is there a 5-connected 5-regular planar graph with fewer than 
132 vertices that is not doubly Hamiltonian? 
Fig. 6 shows G, once more, but now expressed in terms of subgraphs of 
type 01 only. Within each subgraph every face is a triangle and the numbers of 
edges of all other faces, including the exterior face, are as shown. Thus G, 
has five types of face, namely 3-, 4-, 6-, 8-, and IO-gons. It is to be converted 
into a graph G, that has only three types of face. 
a 
FIG. 6. Types of face in G2 . 
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Suppose that a vertex u of a 5-connected 5-regular planar graph is replaced 
by a subgraph of type a. The five faces that previously met at t, acquire one 
extra edge each, fifteen new faces all of which are triangles appear and there 
are 1 01 ) - 1 = 10 additional vertices. The graph remains 5-connected, 
5-regular and planar and, by Lemma 7, it is not doubly Hamiltonian if the 
original graph was not. 
Let this replacement be carried out, starting with G, , at each end of each 
edge marked a in Fig. 6, twice at each end of each edge marked b and three 
times at each end of each edge marked c. The total number of replacements 
made is 2(4 . 1 + 2 -2 + 2 . 3) = 28 so the final graph G3 has 1 Gz 1 + 
28 * 10 = 412 vertices. It is like G, , 5-connected, 5-regular, planar and not 
doubly Hamiltonian. The faces of G, that lie on either side of marked edges 
all become 12-gons in G, . Moreover, each replacement occurs at an exterior 
vertex of a subgraph of type QI that was already in the graph, so three of the 
five faces affected were initially triangles and become 4gons, leaving a net 
increase 15 - 3 = 12 in the number of triangles. Thus Gs contains only 3-, 4- 
and 12-gons, as was to be proved. The numbers of 3-, 4- and 12-gons are 
easily seen to be 516, 92 and 12 respectively. 
By Euler’s formula, every 5-regular planar graph must have some triangular 
faces and if all the faces are triangles then the graph is that of the icosahedron. 
This is the graph obtained by joining all exterior vertices of a subgraph of 
type a to one extra vertex and it is doubly Hamiltonian. Thus a 5-connected 
5-regular planar graph that is not doubly Hamiltonian must have at least 
two types of face and the remaining problem is as follows. 
PROBLEM 2. Is there a 5-connected 5-regular planar graph with only 
two types of face that is not doubly Hamiltonian? 
4. PLANAR ~-CONNECTED ~-REGULAR NON-HAMILTONIAN GRAPHS 
Let 6 denote the planar 5-subgraph shown in Fig. 7. Note that, unlike the 
types of subgraph defined previously, 6 has an exterior vertex whose deficit 
is greater than one. This vertex is indicated by a dot on the circumference of 
the circular symbol for 6, as shown. 
FIG. 7. The subgraph 6. 
The graph G, required for Theorem 3( 1) is shown in Fig. 8. 
By inspection, G4 is a 5-regular planar graph. Each of the subgraphs of 
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FIG. 8. The graph G4 . 
type S in G4 is joined to three of the vertices v in Fig. 8. Consequently G4 
is 3-connected. Let V denote the set of vertices labelled v in Fig. 8, so that 
1 V 1 = 5. When the vertices v are removed from G4 , it becomes disconnected 
into 6 subgraphs (one of type a and the others of type 8). Hence, by Lemma 
5(2), G4 is non-Hamiltonian. Since 1 6 1 = 1 01 I + 1 = 12, it follows 
that 1 G4 1 = 5 16 1 + 1 a I + 5 = 76 as required and this completes the 
proof of Theorem 3(l). 
S 
FIG. 9. The graph G:, . 
The graph G5 required for Theorem 3(2), which is of similar structure to 
G4 , is shown in Fig. 9. By inspection, G, is a 3-connected 5-regular planar 
graph. Let V denote the set of vertices labelled v, so that I Y I = 8. When the 
vertices v are removed from G5 it becomes disconnected into 10 subgraphs. 
Hence, by Lemma 5(l), G5 has no Hamiltonian paths. To complete the proof 
of Theorem 3(2), note that I G, I = 10 I 6 I + 8 = 128 as required. 
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We now consider edge connectivity as a further means of classifying non- 
Hamiltonian graphs. As mentioned in the introduction, a 3-connected 
5-regular graph may have edge connectivity 3,4 or 5. It is easy to see that G4 , 
G, and the graphs I?, , R4 in [lo] are all 4-edge-connected. Moreover, since 
the deficit of S is only 4, no graph that contains a subgraph of type S can have 
greater edge connectivity than 4. 
Every 5-edge-connected 5-regular graph is 3-connected, since a 2-connected 
n-regular graph is at most 2[n/2]-edge-connected, and if it is non-Hamiltonian 
then, by [8], it is exactly 3-connected. To construct such a graph some new 
types of subgraph must first be defined. They must be internally 5-edge- 
connected and have deficits at least 5. Three such types of subgraph are 
shown in Fig. 10 and all three will be used in our next graph G, . The dots 
on the circumferences of the circular symbols for these subgraphs denote 







FIG. 10. Subgraphs of types A, p and Y. 
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of the subgraphs A, p and v has four exterior vertices and these include an 
opposite pair of deficit one at which the edges labelled 1, 2 in Fig. 10 start. 
The other pair of exterior vertices will be called end vertices. 
We define an u-pair of edges in a Hamiltonian graph to be a pair of edges 
such that every Hamiltonian circuit contains at least one of them. This is by 
analogy with the terms a-edge (due to Bosik [2]) and 2a-edge [lo]. When an 
a-pair of edges is removed from a graph, the graph that remains is non- 
Hamiltonian. 
LEMMA 9. Let G be a Hamiltonian graph with a subgraph of type 8, where 9 
denotes A, p or v. Two of the edges that join 8 to G - 8, namely those labelled 1, 
2 in Fig. 10, form an a-pair. 
Proof. Let G’ be the graph obtained from G by removing edges 1, 2 and 
suppose that C is a Hamiltonian circuit of G’. Since 0, as a subgraph of G’, 
has only two exterior vertices, C includes only one visit to 8 and it must start 
and finish at opposite end vertices of 8. Similarly, during this visit to 8 there 
is one and only one visit each to the subgraphs (Y~ , a2 because each of the 
latter is joined to the rest of 8 via only vertices, labelled 0 in Fig. 10. These 
visits to al , O/~ each involve a transfer from one “end” of 8 to the other and, 
as there is no third vertex-disjoint route between the two “ends,” no visit to 
all the vertices of 8 can start and finish at opposite end vertices. Hence no 
such circuit C exists and it followed that the edges removed from G to form G’ 
are an a-pair. 
The required graph G, for Theorem 4(l) is shown in Fig. 11. It contains 
five subgraphs and two extra vertices v. Where subgraphs are shown with a dot 
in common, this dot denotes a common vertex. It is easy to see that all the 
shared vertices are 5-valent so G6 is 5-regular and planar. It is 5-edge- 
connected, because A, p and v are so and in consequence of the way in which 
they are joined together. 
Suppose that G6 has a Hamiltonian circuit C and that 1 of the ten edges that 
join the subgraphs A, p and v to the vertices v are contained in C. Because a 
FIG. 11. The graph Gb . 
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visit to one of the vertices t, requires the use of two of these edges and there 
are two vertices v, I = 4. On the other hand, by Lemma 9, the ten edges form 
five a-pairs and so I > 5. This contradiction shows that no such C exists, so 
G,isnon-Hamiltonian.SinceIhI=31aI+4=37,ltcI=2l~I+6=28 
and I v I = 3 I a I + 5 = 38, it follows that I G, I = 3 I h I + I p I + I v I - 
3+2= 176 and this completes the proof of Theorem 4(l). 
FIG. 12. The graph G, . 
Finally, the graph G, required for Theorem 4(2) is shown in Fig. 12. 
Fifteen subgraphs (of types h and p) are joined by their end vertices to form 
a ring and the fifteen a-pairs of edges are terminated, in groups of five, at six 
additional vertices v. Care has been taken to group these edges differently 
inside and outside the ring, so that the resulting graph shall be 5-edge- 
connected. It is clear that G, is also 5-regular and planar. 
Suppose that G, has a Hamiltonian path P that includes I of the edges that 
join subgraphs h and p to vertices v. Since there are six vertices v, 1 must be 12, 
but we shall obtain an inequality for I that is inconsistent with this value. If P 
is actually a circuit, define G = G, and C = P. Otherwise, define G to be G, 
together with an edge joining the end vertices of P and C to be P together 
with this same edge. Thus C is a Hamiltonian circuit of G. At most two of the 
subgraphs A and p in G, are affected by the insertion of the extra edge, so G 
has at least 13 subgraphs h and p. By Lemma 9, the edges joining the sub- 
graphs h and p to the vertices v include at least 13 a-pairs, so 1 > 13. This 
provides the required contradiction and we conclude that G, has no 
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Hamiltonian paths. The proof of Theorem 4(2) is completed by noting that 
I G I = 5(2 1 p 1 + 1 x 1 - 2) + 6 = 512. 
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